Abstract. For any given bounded symmetric domain, we prove the existence of commutative C * -algebras generated by Toeplitz operators acting on any weighted Bergman space. The symbols of the Toeplitz operators that generate such algebras are defined by essentially bounded functions invariant under suitable subgroups of the group of biholomorphisms of the domain. These subgroups include the maximal compact groups of biholomorphisms. We prove the commutativity of the Toeplitz operators by considering the Bergman spaces as the underlying space of the holomorphic discrete series and then applying known multiplicity-free results for restrictions to certain subgroups of the holomorphic discrete series. In the compact case we completely characterize the subgroups that define invariant symbols that yield commuting Toeplitz operators in terms of the multiplicity-free property.
Introduction
The weighted Bergman spaces on bounded symmetric domains are a fundamental object in Analysis. They come equipped with a natural projection, the Bergman projection, determined by a reproducing kernel property. This structure allows to consider the so-called Toeplitz operators defined as a multiplier operator followed by the Bergman projection. The special role of Toeplitz operators is observed, for example, in their density in the space of all bounded operators in the strong operator topology (see [6] ). It is thus a surprising fact that there are large commutative C * -algebras generated by Toeplitz operators. The existence of such commutative algebras is a current topic of interest in Complex Analysis, as the references of this work show.
The commutative C * -algebras generated by Toeplitz operators known to this date always have an associated distinguished geometry. The latter is given by a subgroup H of the group of biholomorphic maps of the domain. More precisely, for certain choices of H the H-invariant essentially bounded functions determine commuting Toeplitz operators. Up to this date this kind of phenomenon has been observed only for the unit ball B n with H a maximal Abelian subgroup of its biholomorphisms (see [12, 26, 27] ) and some variations (see [2, 24, 25] ) as well as for the natural translations of a tube type domain in the weightless case (see [29] ).
It is an open problem to find higher rank irreducible bounded symmetric domains that admit for any weight large families of commuting Toeplitz operators acting on their Bergman spaces.
On the other hand, the weighted Bergman spaces are also very important in Harmonic Analysis. In this setup, the Bergman spaces provide the underlying spaces of the holomorphic discrete series representations for noncompact simple Lie groups associated to bounded symmetric domains. The study of such representations is fundamental as part of the picture to understand the unitary representations of simple Lie groups. In particular, a very great deal of attention has been given to the holomorphic discrete series; see for example [8, 13, 31] just to mention a few.
The representations in the holomorphic discrete series are all irreducible for the action of the whole group of biholomorphisms of the corresponding bounded symmetric domain. However, for a (proper closed) subgroup H of all biholomorphisms the irreducibility is lost to be replaced by a direct integral decomposition into classes of irreducible unitary representations of H. The study of the branching behavior for these representations and many other is a fundamental part of Harmonic Analysis. In particular, for the holomorphic discrete series representations there are very general results that provide some of the subgroups H for which the restricted representation is multiplicity-free, i.e. so that the classes of irreducible representations over H appear with multiplicity 1 in the direct integral decomposition. Some of the results of this sort most relevant to this work can be found in [1, 20, 23] .
The main goal of this work is to prove that subgroups defining multiplicityfree restrictions of the holomorphic discrete series yield commutative C * -algebras generated by Toeplitz operators. To be more precise, we obtain commuting Toeplitz operators when their symbols are invariant under a subgroup with a multiplicityfree restriction of the holomorphic discrete series representation. That is the content of Theorem 4.2, which holds for arbitrary bounded symmetric domains and for all weighted Bergman spaces.
With the known multiplicity-free results at our disposal we obtain many examples of such commutative C * -algebras. One of our most fundamental results is Theorem 5.2 which establishes the commutativity of the C * -algebra generated by Toeplitz operators whose symbols are invariant under a maximal compact subgroup of the biholomorphisms of the domain; this is a generalization to arbitrary bounded symmetric domains of the commutativity of the Toeplitz operators with radial symbols proved in [9] . We also prove in Theorem 5.1 that the C * -algebra generated by Toeplitz operators is commutative whenever the symbols for the Toeplitz operators are precisely those left invariant by a symmetric subgroup; this includes all the subgroups whose Lie subalgebras are listed in the second and third column of Table I. In Theorem 5.8 we prove the commutativity of the Toeplitz operators whose symbols are invariant under the natural translations in the unbounded realization of a bounded symmetric domain of tube type.
Not only does this solve the problem of the existence of commutative C * -algebras generated by Toeplitz operators for every irreducible bounded symmetric domain (exceptional domains included) on every weighted Bergman space, but it does so with an abundance of examples.
An important problem in the study of the commutative C * -algebras generated by Toeplitz operators is to find an explicit way to simultaneously diagonalize the Toeplitz operators. With this respect, our Theorems 5.4 and 5.8 provide an explicit unitary isomorphism that allows to achieve this for many sets of symbols. This includes all the symbols that are invariant under subgroups whose Lie algebras are listed in the third column of Table I .
Once this many commutative C * -algebras generated by Toeplitz operators have been obtained, it is natural to ask about the classification problem for them. In this direction, our Theorem 6.4 shows that for symbols invariant under a compact subgroup the problem is equivalent to that of finding the multiplicity-free restrictions: a compact subgroup yields invariant symbols with commuting Toeplitz operators if and only if the restriction to such compact subgroup of the holomorphic discrete series is multiplicity-free.
In general, the problem of finding all the multiplicity-free restrictions is very hard. However, there are some cases where this can be easily verified. Hence, in Example 6.5 we prove that for the compact subgroup of diagonal matrices (which is maximal Abelian) in SU(2, 2) the restriction of the holomorphic discrete series representation is not multiplicity-free, and so the corresponding C * -algebra generated by Toeplitz operators is not commutative. As proved in [26, 27] to every maximal Abelian subgroup of SU(n, 1) there corresponds invariant symbols that define commuting Toeplitz operators. Example 6.5 thus shows that the latter behavior does not extend to higher rank domains.
As for the distinguished geometry observed for commuting Toeplitz operators established in previous works, we can say that such phenomenon is still present since all our subgroups preserve the (Riemannian symmetric) geometry of the bounded symmetric domains. On the other hand, all the examples given in [26, 27, 24] of commuting Toeplitz operators for the case of the unit ball B n and the complex projective space P n (C) are obtained from n-dimensional maximal Abelian subgroups whose orbits are (a.e.) n-dimensional, flat, Lagrangian and totally geodesic. However, in Theorem 5.7 we show that the subgroup SO 0 (n, 1) defines invariant symbols that yield commuting Toeplitz operators so that one of the SO 0 (n, 1)-orbits is n-dimensional, non-flat, Lagrangian and totally geodesic. This proves that the maximal Abelian subgroups are not enough to obtain all the C * -algebras generated by Toeplitz operators coming from invariant symbols in the unit ball B n even if we require the existence of a Lagrangian and totally geodesic n-dimensional orbit. With these new examples, the geometry of the orbits does not even have to be flat.
As for the organization of the paper, in Section 2 we introduce the Bergman spaces and their relationship with the holomorphic discrete series. In Section 3 we define the notions of Toeplitz and intertwining operators and observe their properties as they relate to symbols. Section 4 states the basic facts and results on multiplicity-free restrictions that we need to prove Theorem 4.2. Finally, Sections 5 and 6 develop the main results corresponding the case of symmetric pairs and compact subgroups. Also, several examples are given in all sections to clarify our results.
Bergman spaces and the holomorphic discrete series
Let G be a connected noncompact simple Lie group with finite center whose Lie algebra has a Cartan decomposition g = k + p. We will assume that the center c of k is nontrivial and so 1-dimensional. Let us denote by K the maximal compact subgroup of G whose Lie algebra is k. In particular, the symmetric space G/K is Hermitian. We denote by G C the simply connected Lie group with Lie algebra g C . Without loss of generality we can assume that G is a subgroup of G C . We proceed to recall the definition of the Bergman spaces on the symmetric space G/K. Then, we will relate Bergman spaces to the construction of the holomorphic discrete series of universal covering group G discussed in [8, 13, 31] . For the details of our representation theoretic constructions we refer to [8, 17, 28, 31] , and provide further explanations only when necessary for our arguments. We will mostly follow the Lie theoretic constructions from [8] .
Let us fix Z 0 ∈ ic so that the eigenvalues of ad(Z 0 ) are 0, ±1. Let t ⊂ k be a Cartan subalgebra, so that t is a Cartan subalgebra of g as well. Note that Z 0 ∈ it. For the Cartan subalgebra t C of g C we let ∆ denote the corresponding root system. We denote by ∆ c and ∆ n the sets of compact and noncompact roots, respectively. Fix an order on the root system ∆ with set of positive roots ∆ + so that
and denote ∆
Consider the spaces
which are Abelian subalgebras of g C that are invariant under ad(k) and Ad(K). We denote by P + , K C , P − the connected Lie subgroups of G C whose Lie algebras are p + , k C , p − , respectively. Recall that the product map defines an injective holomor-
In particular, for every g in the image of the latter map we have a unique decomposition
where p ± (g) ∈ P ± and k(g) ∈ K C . We recall that G ⊂ P + K C P − and that G ∩ P + K C P − = K. In particular, we have the inclusion GK C P − ⊂ P + K C P − . This yields the Harish-Chandra realization of G/K as a bounded symmetric domain in the complex vector space p + as the composition of the maps
which is explicitly given by the expression
for every g ∈ G.
Recall that the exponential map exp : p + → P + is a biholomorphism whose inverse is denoted by log :
In what follows, we will denote by D the image in p + of the Harish-Chandra realization and consider the identification
Furthermore, through this identification we have a G-action, and so a G-action as well, on D by holomorphic diffeomorphisms given explicitly by the expression
for every g ∈ G and z ∈ D. Let µ be the normalized Lebesgue measure on p + so that µ(D) = 1. We will denote by H 2 (D) the (weightless) Bergman space of D, which is defined as the
Recall that the genus of the domain D is defined as
where n and n 1 are the complex dimensions of D and of the maximal symmetric domain of tube type contained in D, respectively, and r is the rank of D. Then, for every λ > p − 1 we define the measure
where dz is the Lebesgue measure on p + and c λ is chosen so that µ λ (D) = 1. In particular, for λ = p we obtain µ p = µ, the normalized Lebesgue measure. The weighted Bergman space with weight λ is denoted by H 2 λ (D) and is defined as the (closed) subspace of L 2 (D, µ λ ) consisting of holomorphic functions on D (see [3, 7] ). 
Thus we obtain
and
From this, it is easy to verify that the decomposition of the elements in P + K C P − is given by the following expression
Hence, for
we have
and the previous decomposition yields
We conclude that the SU(n, m)-action on D I n,m is given by
In particular, the K C -action on p + is given by the expression
Back to the case of a general bounded symmetric domain D, since the measure µ λ is positive on nonempty open sets, by the same proof as in the weightless case,
as the Bergman kernel (see [17] ). Moreover, the kernel k λ (z, w) is holomorphic in z and anti-holomorphic in w. Hence, the Bergman projection defined by 
where g ∈ G and j(g, z) denotes the complex Jacobian at z of the holomorphic transformation of D defined by g. This defines the holomorphic discrete series of G for λ > p − 1. Note that we need to consider an action of the group G for the expression j(g, z)
λ p to be a well-defined holomorphic function for arbitrary λ > p − 1.
Hence, we have the following result. 
Furthermore, π λ is an irreducible unitary representation of G for every λ > p − 1.
Intertwining Toeplitz operators
Let H be a Lie group and π : H → L(H) a unitary representation on a Hilbert space H. The set of operators on H that intertwine the representation π is denoted by End H (H). More precisely, a bounded operator T on H belongs to End H (H) if and only if we have
With the notation from the previous section, let D be the Harish-Chandra realization of the Hermitian symmetric space associated to G. For every function ϕ ∈ L ∞ (D) we define the Toeplitz operator with symbol ϕ corresponding to the weight λ > p − 1 as the bounded linear operator given by
where, as usual, M ϕ denotes the multiplier operator on L 2 (D, µ λ ) given by ϕ. In particular, we have
is holomorphic. The following well known result can be found in [30] .
Proof. Suppose that ϕ ∈ L ∞ (D) and that T (λ) ϕ = 0 for some λ. Then for each pair of holomorphic monomials z α and z β , we have that
from which it follows that ϕ is orthogonal to all real polynomials on D. Since the real polynomials are dense in L 2 (D, µ λ ), it follows that ϕ = 0.
For every function ϕ defined on D and h ∈ G we denote by ϕ h the function given by ϕ h (z) = ϕ(h −1 z). This clearly defines both a G-action and a G-action on the space L ∞ (D). The following result relates this action to π λ and Toeplitz operators. 
Proof. First we note that
Now using the fact that B λ is the orthogonal projection onto H
As a consequence, we obtain the following characterization of Toeplitz operators that intertwine the action of a subgroup of G. (1) The symbol ϕ is H-invariant: ϕ(hz) = ϕ(z) for every h ∈ H and a.e. z ∈ D.
Proof. By Lemma 3.2, we have that T ϕ is an intertwining operator for π λ | H if and only if T ϕ = T ϕ h for all h ∈ H. By Lemma 3.1, this is equivalent to ϕ = ϕ h for all h ∈ H.
Multiplicity-free restrictions
Let H be a Lie group of type I in the sense of von Neumann algebras and let π : H → L(H) be a unitary representation of H on a Hilbert space H. By Mautner's Theorem we have a unique decomposition
where dν(ρ) is some Borel measure on the space H of equivalence classes of irreducible unitary representations of H, and m π : H → N ∪ {∞} is the multiplicity function which is ν-a.e. unique. Given this setup, we say that the representation π is multiplicity-free if the function m π is a characteristic function, in other words, ν-a.e. it is either 0 or 1.
We have the following alternative characterization of a multiplicity-free representation. : ϕ ∈ A}. Note that if A is invariant under conjugation, then T (λ) (A) is in fact a C * -algebra. Here, and the rest of this work, for H a subgroup of G, we will denote by H the inverse image of H with respect to the universal covering map G → G. 
it is enough to prove that T 
Commuting Toeplitz operators: symmetric pair case
There are a number of general results showing that for the holomorphic discrete series representations π λ the restriction from G to suitable closed subgroups H provides multiplicity-free representations π λ | H . The case we consider in this section is that of subgroups defining a symmetric pair.
We recall that a symmetric pair is given by a pair of Lie groups (H 1 , H 2 ), so that H 1 is connected semisimple, and an involutive automorphism τ of H 1 so that H 2 is an open subgroup of H τ 1 , where the latter denotes the fixed point set of τ . For G as before, let θ be the Cartan involution associated to the decomposition g = k+p. Let us consider a symmetric pair (G, H) with involution τ . Hence, we can always replace τ by a conjugate to assume that τ and θ commute. In particular, τ (k) = k and since dim(c) = 1 we also have τ (Z 0 ) = ±Z 0 . We say that the (G, H) is a holomorphic symmetric pair when τ (Z 0 ) = Z 0 holds, and that it is an anti-holomorphic symmetric pair when τ (Z 0 ) = −Z 0 is satisfied.
Note that for any symmetric pair (G, H), its involution τ defines an involution of the symmetric space G/K that we denote by the same symbol.
In the holomorphic case, we necessarily have τ (p + ) = p + and τ (p − ) = p − , so that the restriction of τ to D ⊂ p + yields a holomorphic involution of D. Also, the fixed point set of τ in D satisfies
with respect to the Harish-Chandra realization of D. Furthermore, the space D τ is a bounded symmetric domain in p + ∩ h C . Now suppose that (G, H) is an anti-holomorphic symmetric pair, and let σ denote the conjugation of g C with respect to g as well as the induced conjugation on G C . Consider the anti-linear involution η = σ • τ = τ • σ. Since Z 0 ∈ ic ⊂ ig we have η(Z 0 ) = Z 0 , thus implying that the induced involution on G C preserves the decomposition P + K C P − . More precisely, we have
for every g ∈ G given by g = exp(Z)k exp(W ) with Z ∈ p + , k ∈ K C and W ∈ p − . In particular, η restricts to an anti-linear involution on p + . On the other hand, since τ | G = η| G we conclude that τ induces an involution of G/K, that we will denote by the same symbol, so that with respect to the Harish-Chandra identification
In this case we have
with respect to the Harish-Chandra identification for D. Also, D τ is a Riemannian symmetric space and a real bounded symmetric domain with the restriction of the Bergman metric in D. We refer to [18] for details on the structure of the domain D τ . Table I lists the simple Lie algebras corresponding to bounded symmetric domains and the subalgebras that define non-Riemannian symmetric pairs. We present in separate columns the cases for D τ complex and totally real submanifold of D. The classification of D τ complex is taken from [20, Table 3 .4.1,p.65] (note that so(10) × so(2) ⊂ f 6(−14) and f 6(−78) × so(2) ⊂ f 7(−25) should be removed from that table). The symmetric Lie algebras corresponding to totally real D τ is taken from [18, p.89] (see also [21] ).
In [20] it is presented a very general theory showing that the restriction of highest weight representations are multiplicity-free. Based on our previous results, this allows to obtain the following conclusion. Table I. Proof. Theorem A from [20] implies that, since (G, H) is a symmetric pair, the restriction to H of any irreducible unitary highest weight representation of G is multiplicity-free. From our discussion in Section 2 it follows that the representations of G on the Bergman spaces H 2 λ (D) belong to the holomorphic discrete series and so are irreducible unitary highest weight representations. Hence, the result now follows from Theorem 4.2.
Since (G, K) is a (Riemannian) symmetric pair, we obtain the following result as a particular case. Remark 5.3. Theorem 5.2 provides, to the best of our knowledge, the first existence result of large commutative C * -algebras generated by Toeplitz operators on bounded symmetric domains other than the unit ball. Furthermore, since there are
many symmetric pairs (G, H) with noncompact H (see Table I ) the list of commutative C * -algebras provided by Theorem 5.1 is much larger than the one obtained from Theorem 5.2.
Let us now further consider the case where (G, H) is an anti-holomorphic symmetric pair. The relevant results for this case are extensively studied in [23] (see also [22] ). Such results allow us to conclude multiplicity-free restrictions from which the next result follows.
Theorem 5.4. If (G, H) is an anti-holomorphic symmetric pair, then the
so that the following is satisfied.
Proof. The commutativity of T (λ) (A H ) has already been established in Theorem 5.1, so it remains to prove the last three claims. This will be based on the results from [22, 23] .
In [23] it is constructed an H-invariant measure on D τ and a unitary H-intertwining
for which conditions (1) and (2) hold. On the other hand, D τ is a reductive symmetric space so that the set of transformations given by H contains the connected component of its isometry group. Also, µ is an H-invariant volume form on D τ . Hence, the decomposition of L 2 (D τ , µ) as a direct integral of equivalence classes of irreducible unitary representations of H is multiplicity-free. This follows from [16, Eq.(21) , p.118] and [14, 15] . Moreover, it is also known that for
, and so claim (3) now follows.
We now discuss some particular cases of Theorem 5.1 related to some of the already known commutative C * -algebras generated by Toeplitz operators.
Example 5.5. The unit ball in C n can be realized as B n = SU(n, 1)/U(n). In particular, the pair (SU(n, 1), U(n)) is symmetric with U(n) a maximal compact subgroup of SU(n, 1). Hence, Theorem 5.2 implies that, for every λ > n, the C * -algebra T (λ) (A U(n) ) is commutative on the weighted Bergman space A 2 λ (B n ). From the definitions it follows that A U(n) consists of radial symbols, in other words those that are defined as the elements a ∈ L ∞ (B n ) that depend only on |z| for z ∈ B n or symbolically that satisfy a(z) = a(|z|). This recovers one of the main results from [9] : the C * -algebra generated by Toeplitz operators with radial symbols is commutative.
Example 5.6. By Table I , (SU(m, n), SO 0 (m, n)) is a symmetric pair. Hence, Theorem 5.1 implies that T (λ) (A SO0(m,n) ) is a commutative C * -algebra on the weighted Bergman space H 2 λ (D I n,m ) for every λ > m + n − 1. As a particular case, by taking m = 1 we conclude that T (λ) (A SO0(n,1) ) is a commutative C * -algebra on the weighted Bergman space A 2 λ (B n ) for every λ > n. We note that the SO 0 (n, 1)-orbit through the origin in B n is precisely M = B n ∩R n , which is isometric to the real n-dimensional hyperbolic space with the induced metric from B n . Also, M is a Lagrangian totally geodesic submanifold of B n .
As a consequence of the previous example we obtain the following result.
Theorem 5.7. For n ≥ 2, there exists a closed non-Abelian subgroup H of SU(n, 1) that satisfies the following properties.
There is an H-orbit M which is n-dimensional, non-flat, Lagrangian and totally geodesic. In particular, the sets of symbols A that define commutative C * -algebras T (λ) (A), for every λ > n, are not exhausted by taking A = A H where H is a connected maximal Abelian subgroup of SU(n, 1), even if we require (2) to hold.
For our next result we assume that D is a tube-type domain whose tube domain realization is given by T (Ω) = V + iΩ, where Ω ⊂ V is a symmetric cone and V is the corresponding simple Euclidean Jordan algebra. Following [1] we recall that for every λ > p − 1 there is a measure µ λ in Ω, a unitary representation of G on L 2 (Ω, µ λ ) and a unitary isomorphism
which is G-intertwining. On the other hand, there is a biholomorphic and isometric action given by
Since the G-action on D realizes the holomorphic isometries of D, we obtain a subgroup N + of G isomorphic to the vector group V such that the N + -action on Ω realizes the previous V -action. Furthermore, [1, Theorem 3.4] implies that the
is given by characters of N + ≃ V and so it is multiplicityfree.
Hence, Theorem 4.2 implies the following generalization of one of the main results from [29] where only the weightless case is considered. : t ∈ R ,
The orbits of these groups are all given by circle arcs, and considering the description of such arcs for each case we obtain the following description of the corresponding invariant symbols.
Elliptic:
The elements of A U(1) are the radial bounded symbols as considered in the more general case of the unit ball. These symbols are also called elliptic in [12] . Hyperbolic: The elements of A SO 0 (1,1) are the bounded symbols that are constant on the circle arcs that connect 1 and −1. These are precisely the hyperbolic bounded symbols in the notation of [12] . Parabolic: The elements of A N are the bounded symbols that are constant on the horocycles centered at 1. These are precisely the parabolic bounded symbols in the notation of [12] Since the pairs (SU (1, 1) , U(1)) and (SU(1, 1), SO 0 (1, 1)) are both symmetric, it follows from Theorem 5.1 that, for every λ > 1, the C * -algebras T (λ) (A U(1) ) and T (λ) (A SO 0 (1,1) ) are commutative on the weighted Bergman space A 2 λ (D). This recovers Theorem 2.1 from [12] for elliptic and hyperbolic bounded symbols (see also [10] ).
On the other hand, we note that (SU (1, 1), N ) is not a symmetric pair, and Theorem 5.1 cannot be applied in this case. In the half-plane realization of D, the N -action is precisely the one considered by Theorem 5.8. Hence, the C * -algebra T (λ) (A N ) is commutative on the weighted Bergman space A 2 λ (D) for every λ > 1. Thus, we fully recover all cases considered in Theorem 2.1 from [12] (see also [11] ).
Commuting Toeplitz operators: compact group case
In this section H will denote a compact subgroup of G and it will be endowed with a Haar measure whose total volume is 1. Then, for every symbol ϕ ∈ L ∞ (D) we define
where z ∈ D. Hence, ϕ is both H-invariant and H-invariant. A particular case is given by H = K, the maximal compact subgroup of G introduced in Section 2.
Similarly, for every T ∈ L(H 2 λ (D)) we define a bounded linear operator obtained by averaging over H. First, we note that the relevant expression to consider is
for h ∈ H, where now H is not necessarily a compact group. However, Z( H) = H ∩Z( G) ⊂ Z( G) acts through π λ as multiplication by elements of T. In particular, for every h ∈ H and h 0 ∈ Z( H) we have
On the other hand, the restriction of the universal covering map G → G yields a map H → H which is a local isomorphism and so a covering map. It follows that there is a discrete subgroup Z ⊂ Z( H) so that H = H/Z. Hence, the above remarks show that the assignment
defines a function that descends to H. Without loss of generality, we will denote the latter by the same expression. As a consequence, for every operator T ∈ L(H 2 λ (D)) there is a unique operator T ∈ L(H 2 λ (D)) defined by requiring the identity
Proof. For each f, g ∈ H 2 λ (D), we have that
The following result is a generalization of Theorem 2 from [6] to intertwining operators, and so it is interesting by its own right. [6] , it follows that there is a Toeplitz operator T ϕ with smooth, compactly-supported symbol ϕ such that
For any h ∈ H we have that
Since π λ (h) is unitary and f, g ∈ W were arbitrary, we see that
for all h ∈ H and f, g ∈ W . By Lemma 3.2 we obtain for every f, g ∈ H
which by the remarks in this section can be considered as an identity that holds for every h ∈ H. Hence, we can integrate over H and use Lemma 6.1 to conclude that
Because W is an arbitrary finite-dimensional H-invariant subspace and every cyclic representation of H is finite-dimensional, it follows that the space T (λ) (A H ) of Toeplitz operators with H-invariant symbols is dense in End H (H 2 λ (D)) in the weak operator topology. Density in the strong operator topology follows because T (λ) (A H ) is a linear subspace and in particular convex.
We now consider the following elementary result that we include for the sake of completeness. Proof. First we show that S T = T S for any S ∈ W and T ∈ V .
Fix v ∈ H; we will show that S T v = T Sv. Because V is dense in W in the strong operator topology, there exists for any ǫ > 0 an operator S in V such that ||( S − S)v|| < ǫ and ||( S − S)( T v)|| < ǫ.
It then follows that

||(S T − T S)v|| ≤ ||(S T − S T )v|| + ||( S T − T S)v|| = ||(S − S) T v|| + ||( T ( S − S)v||
where we use the fact that operators in V commute. Because ǫ > 0 was arbitrary, it follows that S T v = T Sv. Now let S, T ∈ W . Fix v ∈ V . Because V is strongly dense in W , there is for each ǫ > 0 an operator T ∈ V such that ||( T − T )v|| < ǫ and ||( T − T )(Sv)|| < ǫ.
Then we have
||(ST − T S)v|| ≤ ||(ST − S T )v|| + ||(S T − T S)v|| = ||S(T − T )v|| + ||( T − T )Sv||
where we use the fact that S T = T S. Because ǫ > 0 was arbitrary, we see that ST v = T Sv.
The following is a characterization of the compact subgroups of G for which the corresponding invariant symbols yield commutative C * -algebras of Toeplitz operators.
Theorem 6.4. Suppose that H is a compact subgroup of G. Then, the following conditions are equivalent for every λ > p − 1.
(1) The C * -algebra T (λ) (A H ) is commutative. t j E n+j,n+j and E jk denotes the matrix in M (n+m)×(n+m) (C) which is everywhere 0 except at the position (j, k) where it is 1. For H the maximal torus with Lie algebra t, we therefore get the action e −d(s,t) Z = (e i(t k −sj ) z jk ) jk for every Z = (z jk ) jk ∈ p + ≃ M n×m (C). Hence, for every α ∈ N n×m the action on the monomial function Z α is given by
In particular, the H-action on the monomial Z α corresponds to the character This can be used to see that the H-action has higher multiplicity for some n, m ≥ 2. For example, for n = m = 2 and a given α ∈ N 2×2 we have χ α = χ β for any β given by β = α + q −q −such that 0 ≤ q ≤ min(α 12 , α 21 ) is an integer. As a consequence of Theorem 5.2 we conclude that for H the maximal torus of diagonal matrices in SU(2, 2) the C * -algebra T (λ) (A H ) is noncommutative on H 
